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INVOLUTIVE DIVISIONS AND BASES

® Janet: preliminary version of Buchberger Theory for
polynomials over a field;

® Gerdt-Blinkov: involutive divisions/bases for efficiently
compute Groebner bases.

¢ Seiler: involutive bases, toward solvable polynomial rings and
distinction strong/weak involutive bases.

F={fi,..fa}

T(fi) = Xy’ T(fa) = x°y*,
T(f) = x°y*, T(fa) = xy".
Looking at their cones:

® wy: reduced using f;

® wy: reduced using fi;




WHAT IS AN INVOLUTIVE DIVISION?

1. noetherian rings, s.t. associated graded ring = commutative
polynomials over a PIR; terms — twisted Tamari-Weispfenning
multiplication = involutive division over monomials;

2. T: commutative terms; M(.A): monomial set.

AN INVOLUTIVE DIVISION L oN M(.A) IS GIVEN, IF

YU C M(A) finite and Yu € U: submonoid t(u, U) C M(A) s.t:
(a). If w e t(u,U) and v|w, then v € £(u, U).

(8). If u,v € Uand ut(u, U) N vk(v,U) # 0, then u € vL(v, U) or
v € ut(u, V).

(c). If ve Uand v € uk(u, U), then t(v, U) C t(u, U).
(0). If V.C U, then t(u, U) C t(u,V)forallue V.



THINGS DO NOT COMMUTE: THE CONE UL(U,U)

u=c,my € U,c, € R\ {0},7, € T: how are we multiplying?
LE: t(u,U)*xu={c7 *xu= car(c)w(r,7)Tuo : ¢, € R\{0},7, € T},

RI: uxt(u,U) = {u*x o7 = car,(¢)@(Te, )70 i ¢ € R\ {0}, 7, € T},

RE: L(u,U)ou={com ou= ccw(Ty,7v)Tuo 7 : cv € R\ {0}, 7, € T}.

MULTIPLES, DIVISORS, MULTIPLICATIVITY

1LIfw=c,7y € uk(u,U), c, € R\ {0}, 70 € T: ufy w; w
(L-)involutive multiple of u, u (L-)involutive divisor of w, and
the unique monomial v = ¢, 7, s.t. w = u * v multiplicative for u.
2. Involutive division = {x1,...,x,} = My (u, U) U NMy (u, U):
multiplicative/non-multiplicative variables.

Partition of variables — Involutive division if (B)-(D) satisfied for
L(u, U) = {ox - xl7c € R\{0}, (..., ha) € N", x; € NMy (u, U) = h; = 0}}
3. Multiplicative variables for polynomials = for leading monomials.




WHAT QUESTIONS WE WANT TO ANSWER?

. How to prove in the PIR case that locally involutive implies
involutive?

. How to extend completion - again - to the PIR case?

. How to reformulate in our setting the algorithm by Seiler for
computing weak involutive bases?



COMPLETENESS ... AND HOW TO FIND IT

ASSUME TO BE OVER A FIELD
Given an involutive division £, U C M(A) is involutive (or
complete with respect to t or t—involutive or t—complete) if

UuEU UM(A) — UuEU uL(u, U) .

UPs... WE ARE OVER A PIR!
N = Uuep uM(A) C I,(U) N M(A) = Spang{N'} N M(A)

the equality being granted only if Ris a field.

SOLUTION
Force each element u = ¢,7, € U, ¢, € R\ {0}, 7, € T, to satisfy

L(c,) = Z,, = {Lc(f) : f € L(U), T(f) = 7,} U {0} C R



WHAT DOES “LOCALLY INVOLUTIVE” MEAN?

PROLONGATION:
Multiplication of u € U by a variable x;: multiplicative /
non-multiplicative.

LOCAL INVOLUTIVITY
U C M(A) is locally involutive w.r.t. L if any non-multiplicative
prolongation of any element in U has an involutive divisor in U:

Vu e U,Vx; € NMy (u, U)3v € U : vig (u- x;).



CONTINUITY IS CRUCIAL!

CONTINUITY

A division t is called continuous if VU C M(.A) finite, the
inequality u; # uj, i # j holds for any finite sequence uy, ... uj of
elements in U s.t.

Vi< /(HXJ' € NML(U,', U)) s.t. u,-_H\Lu,- - Xj.



CONTINUITY IS CRUCIAL!

CONTINUITY

A division t is called continuous if VU C M(.A) finite, the
inequality u; # uj, i # j holds for any finite sequence uy, ... uj of
elements in U s.t.

Vi< /(HXJ' € NML(U,', U)) s.t. u,-_H\Lu,- - Xj.

LOCAL INVOLUTIVITY = INVOLUTIVITY
If an involutive division t is continuous then local involutivity of
any set U implies involutivity:

N = Uuey uM(A) = Uyep ut(u, U).




LOCAL INVOLUTIVITY = INVOLUTIVITY

For every u = ¢,7, € U,c, € R\ {0}, 7, € T and
v=c¢T, € M(A),c, € R\ {0},7, € T we show that there is
m= ¢uTm € U,cy € R\ {0}, 7, € T such that

mly uxv = cyor,(c)w(Ty, 7v)Ty 0 Ty =: t = 4Ty,

with 7, = 7, 0 7, and ¢; = ¢, o, (¢, )w(Tu, 7).

If uly u* v we are done.



LOCAL INVOLUTIVITY = INVOLUTIVITY

mlyuxv = cyar(c)w(ry, 7)Tu0o Ty =1 t = &7, withTy = 7,0
7, and ¢ = Cua—ru(Cv)W(Tm Tv)-

. . loc. invol,
Otherwise, since ¢, | ¢, Ix, € NMy (u, U) s.t. x, |7y ——= u - xk
has involutive divisor wy; = ¢, 7y, € U.

Note that u * x;, = c,@(7y, Xk, )U © X, and that

1

Ty Ty
Tu*Ty =Ty | Xpg * — | = (Tu*xxp,) x — =

Xk1 Xk1

.
@ (7y, Tv) = w(Tu, Xk, )@ <Tu * X Xl:>
1

so that ¢y, | cu@(Tu, Xk,) | cutr,(cv)w (T, 7v) = -




LOCAL INVOLUTIVITY = INVOLUTIVITY

mlpuxv = cyar(c¢)w(ry, 1)y 0T, =1 t = Ty, WithT = 750
7, and ¢; = cuozfu(cv)w(Tu,Tv)-

Thus either wq |y (u* v) and we are done, or there are

Xk, € NMy (wy, U) and wy = 6,7y, € U such that x, | %ﬁ” and
valp (v1 - xi).

Going on, we obtain the sequence u, wy, wy, . .. of elements in U
satisfying continuity. By construction, each element of the sequence
divides u o v. Since all the elements are distinct and u o v has a finite
number of distinct divisors, it follows that the above sequence in U
is finite, and, hence, it ends up with an involutive divisor of u * v.



COMPLETION

An t—involutive U C M(A) is an t—completion of U C U if

N =U,cput(u,U).

EAsy TO FIND
o first: U= U

* if Ju= c,7, € Uand x € NMy (u, U) s.t. u - x has no involutive
divisors in U

® Choose such uand x with the lowest 7, 0 Z w.r.t. <:
U=0U{u-Z}



WEAK INVOLUTIVE BASES

Let £ be an involutive division on M(.A), and F a finite set of
polynomials. Then:
1. pis t—weak-reducible mod F if p has a monomial
u=c,7y € M(A), 7, € T, c, € R\ {0}, s.t.
= ZiLc(ﬁ)aT(ﬂ)(cw)w(T(ﬁ), 7,,) and 7, = T(f;) o 7,, for
each i, where v; = ¢, 7, € L(M(f;),M(F)), 7, € T,
¢, € R\ {0}.
1. pisin t—weak-normal form modulo F if p is not
t—reducible modulo F.

We denote wNF; (p, F) the weak-normal form of a polynomial p
modulo F.



WEAK INVOLUTIVE BASES

ONLY AN ADAPTING-MATTER!

Since the definition of normal forms and reduction are a verbatim
reformulation of the related notions in Buchberger Theory, a weak
version can then be easily deduced by a verbatim reformulation of
the notions and algorithms of Buchberger Theory



WEAK INVOLUTIVE BASES

U C M(A) is L—autoreduced if ut(u, U) Nvik(v,U) =1,
Yu,ve U,u#v.

A finite polynomial set F is L —autoreduced if M(F) is
t—autoreduced and every f € F does not contain monomials
involutively multiple of any element in M(F).

WEAK-INVOLUTIVE

An L—autoreduced set F is weak-involutive with respect to a
continuous weak-involutive division t if and only if the following
conditions of local involutivity hold

wNF(f - xi, F) = OVf € F and x; € NMy (M(f), M(F)).



WEAK-INVOLUTIVE BASES

Finally, it is sufficient to directly apply the version of Buchberger
Algorithm over effective rings based on Méller Lifting Theorem, to
obtain an algorithm for producing an involutive basis; the
redundancy removal which in the classical setting is forced by a
reformulation of Buchberger Criteria, in this setting is directly
granted by Maoller Lifting Theorem which subsumed the
Gebauer-Moller Criteria.



STRONG INVOLUTIVE BASES

In the present setting for each element g; € F C A™ and each
monomail ¢t € M(A) we have

ctxM(g) = ctx*cmie, = cau(c)w(t, 7)Y (t, )t o 7;e,, and
CtOM(g,') = CC,’W(T,‘, t)T(T,', t)T,-teL,.
Given g, 8, € F C A", evenife, =e, (or m=1),in our setting

we do not hope that exists a least common multiple between M(gj, )
and M(g;,); however as remarked by Wespfenning, if there is a

syzygy
M(gj,) * crvr = M(g;,) * cu,

among them, then such least common multiple exists and there are
terms v(j1, j2)j,, v(j1,2)), € T satisfyng
T(gj1) © 1)(j17j2)j1 = T(gj1 1)(./.17].2)]1) = lcm(T(gh)v T(gjz)) =
T(gjz)v(ijf.Z)jz = T(gjz) 0 U(h 7j2)jz'



STRONG INVOLUTIVE BASES: CONJECTURE

Let £ be a continuous involutive division. A polynomial set

F:={g,....8} C A" g =M(g) — pi =: ciTie,, — pi

is strong t-involutive if and only if:

e for each f € F and each non-multiplicative variable
xj € NMy (M(f), M(F)), the related J-prolongation
J(f, xi) := f - x;, satisfies SNF(J(f, x;), F) = 0;

® for each gj,, gj, € F the related P-prolongation

P(gjlvgjz) =g x a;j11(5)U(j1~,jz)j1 + &, * a;j;(t)v(jhjz)jz’
where s, t are the Bézout values such that
Scﬁw(Tij(jhjZ)jl) + tcjzw(sz’ U(jhjZ)jz) =
ng(Cﬁw(Tﬁ ) U(jhjZ)h )7 Cjzw(sz? U(j1 7j2)jz))
satisfies SNF(P(gj,, 8j,), F) = 0;
® for each g; € F the related A-prolongation
A(gi) = fia7'(g/)(a), a being the annihilator of lc(gi), satisfies
sNF(A(gi), F) = 0.



Thank you
for your attention!



