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What’s in this talk

• An implementation of a method combining the Genetic Algorithm (GA) and   
Newton’s method for solving a system of nonlinear equations


• Application of the proposed method for solving the positioning problem of 
multiple rovers for asteroid exploration
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Application: 
asteroid explorations
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Asteroid explorations
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Asteroid Explorer “Hayabusa 2”

Japan Aerospace Exploration Agency (JAXA)


https://global.jaxa.jp/projects/sas/hayabusa2/

Asteroid Explorer “OSIRIS-REx”

NASA (USA)


https://solarsystem.nasa.gov/missions/osiris-rex/in-depth/

https://global.jaxa.jp/projects/sas/hayabusa2/
https://solarsystem.nasa.gov/missions/osiris-rex/in-depth/


Asteroid exploration with multiple small rovers [3]
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格納状態 母船から分離後，
離散しつつ降下

 30 [mm]

1) 複数の小型ローバで構成される探査システム
本研究の提案(1/3)



Asteroid exploration with multiple small rovers [3]

• Making redundant communication paths with a wireless mesh network


• In radio communication with other rovers, use the Received Signal Strength 
Indicator (RSSI) for estimating each other’s position (relative distance and angle)
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Estimating each other’s position 
• It is difficult to control the orientation 

of the rovers on the asteroid


• The rover has twelve antennas on 
each side to keep the good condition 
for communication with other rovers


• Antennas  and : a pair of the two on 
the top side (used for communicating 
with other rovers)

a b
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Antenna a
Antenna b
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The rover coordinate system
• For Rover  ( ), define a 

coordinate system 


•  and : antennas  and  on the top 

side of Rover , respectively 


•  and : a coordinate system with 

the origin at  and , respectively

i i = 1,…, n
Σi

ai bi a b
i

Σai
Σbi

ai bi
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the horizontal angles of the antennas. The AM-205 module
was fixed and the other one was turned around at a fixed
velocity by a motorized rotation stage made of plastic. We
measured the RSSI values at the distance of 5 [m] and 10
[m]. When a pair of the antennas were placed opposite each
other, let the angle be 0 [deg]. The RSSI value changes in
the range of about ± 2.5 [dBm] regardless a distance between
two antennas. So we could design the mathematical model
related the based on the characteristics of this antenna as
shown in Fig. 9.
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Fig. 9. Characteristics of antenna mounted on rover
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Fig. 10. Layout of two antennas

We describe the relations among some coordinate systems
set on the rover and antennas before designing the mathe-
matical model based on these measurement results. The rover
i (i = 1, ..., n) has a coordinate system Σi as shown in Fig.
10, and two antenna ai and bi mounted on the rover i also
have coordinate systems Σai and Σbi respectively as shown
in Figs. 9 and 10. Here, let Σ1 of the rover 1 be the reference
coordinate system for the other rovers. 1pai ∈ R3×1 means
the position of the antenna ai mounted on the rover i in Σ1,
and 1Rai ∈ R3×3 means the orientation of the antenna ai.
So, for example, the relative positions between the antenna
ai of the rover i and the antenna bj of the rover j are shown
in the following equations.

{
1pai = 1pbj + 1Rbj

bjpai
1pbj = 1pai + 1Rai

aipbj
(1)

⇔
{

aipbj = aiR1(1pbj −1pai)
bjpai = bjR1(1pai −1pbj)

(2)

Next, let an horizontal angle from the antenna ai to
the antenna bj be aiφbj , an elevation angle be aiθbj as
shown in Fig. 11. aiφbj and aiθbj can be shown in the
following equations by using the relative position aipbj =

(aixbj
aiybj

aizbj). The horizontal and elevation angles
from bj to ai can also be expressed in the same way.

aiφbj = arctan
( aiybj

aixbj

)
(3)

aiθbj = arctan

⎛

⎝
aizbj√

aix2
bj

+ai y2
bj

⎞

⎠ (4)
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Fig. 11. Relation between coordinate systems related to two antennas

The mathematical model r of the RSSI can be expressed
in the following equations by using Eqs. (2)(3)(4) and the
antenna characteristic shown in Fig. 9.

rai bj(aixbj ,
aiybj ,

aizbj ,
aiφbj ,

aiθbj ,
bjφai,

bjθai) =
r′(aixbj ,

ai ybj ,
ai zbj) +

rh(aiφbj) + rh(bjφai) + rv(aiθbj) + rv(bjθai) (5)

where,

r′(x, y, z) =
−14.69 log10(

√
x2 + y2 + z2 + 0.31) −49.17 (6)

rh(φ) = 2.5(cos(2φ) −1) (7)

rv(θ) = 25
(

cos (0.5π cos (0.5π −|θ|))
sin (0.5π −|θ|) −1

)
(8)

Equation (6) is the approximate equation derived from the
actual measured values as shown in Fig. 7. When θ = 0
and 45 [deg], rv = 0 and -10 [dBm] respectively from the
specification sheet [14] of the chip antenna (AH083F245001)
used in this paper. Besides, since this chip antenna is an
inverted F, rh(φ) is designed as shown in Eq. (8).

Of course, since radio propagation in space is different
from one in the atmosphere, we are going to make a
more precise mathematical model after considering a space
environment in the near future.

C. Relative distance estimation using genetic algorithm
When the antenna b mounted on the rover j receives a

packet sent from the antenna a mounted on the rover i, let
the RSSI value be rai bj . When n rovers communicate each
others, 4n(n−1) RSSI values are obtained. However, since
both rai bj and rbj ai have the same value in theory, 4 ×
nC2 RSSI values are used for self-localization. This means
that the least number of the rovers is two to estimate their
positions and orientations on the two dimensional plane, and
the least number of the rovers is three to estimate them in
the three dimensional space.

It is necessary to solve the nonlinear simultaneous equa-
tions shown in Eqs. (5) ∼ (8) to estimate the positions
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The position of the antennas

• : the position of antenna  w.r.t. 


• : the position of antenna  w.r.t. 


• : the orientation of the antenna  w.r.t.  

aipbj
= t(aixbj

, aiybj
, aizbj

) bj Σai

1pai
ai Σ1

1Rai
∈ ℝ3×3 ai Σ1
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Position of the antennas
Then, by using the relationship


 and ,


we derive the relative position of the antenna  w.r.t.  and vice versa, as


 and 


 with  and .

1pai
= 1pbj

+ 1Rbj
bjpai

1pbj
= 1pai

+ 1Rai
aipbj

bj Σai

bjpai
= (1pai

− 1pbj
)bjR1

aipbj
= (1pbj

− 1pai
)aiR1

bjR1 = (1Rbj
)−1 aiR1 = (1Rai

)−1
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•  and : the horizontal and the elevation 

angles of the antenna  w.r.t. , respectively  

(see the figure)


• Using ,  and  are derived as 

, , respectively


•  and  are derived similarly

aiϕbj
aiθbj

bj Σai

aipbj
= t(aixbj

, aiybj
, aizbj

) aiϕbj
aiθbj

aiϕbj
= arctan (

aiybj

aixbj
) aiθbj

= arctan
aizbj

(aixbj
)2 + (aiybj

)2

bjϕai
bjθai

The horizontal and the elevation angle of the 
antennas
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the horizontal angles of the antennas. The AM-205 module
was fixed and the other one was turned around at a fixed
velocity by a motorized rotation stage made of plastic. We
measured the RSSI values at the distance of 5 [m] and 10
[m]. When a pair of the antennas were placed opposite each
other, let the angle be 0 [deg]. The RSSI value changes in
the range of about ± 2.5 [dBm] regardless a distance between
two antennas. So we could design the mathematical model
related the based on the characteristics of this antenna as
shown in Fig. 9.
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We describe the relations among some coordinate systems
set on the rover and antennas before designing the mathe-
matical model based on these measurement results. The rover
i (i = 1, ..., n) has a coordinate system Σi as shown in Fig.
10, and two antenna ai and bi mounted on the rover i also
have coordinate systems Σai and Σbi respectively as shown
in Figs. 9 and 10. Here, let Σ1 of the rover 1 be the reference
coordinate system for the other rovers. 1pai ∈ R3×1 means
the position of the antenna ai mounted on the rover i in Σ1,
and 1Rai ∈ R3×3 means the orientation of the antenna ai.
So, for example, the relative positions between the antenna
ai of the rover i and the antenna bj of the rover j are shown
in the following equations.

{
1pai = 1pbj + 1Rbj

bjpai
1pbj = 1pai + 1Rai

aipbj
(1)

⇔
{

aipbj = aiR1(1pbj −1pai)
bjpai = bjR1(1pai −1pbj)

(2)

Next, let an horizontal angle from the antenna ai to
the antenna bj be aiφbj , an elevation angle be aiθbj as
shown in Fig. 11. aiφbj and aiθbj can be shown in the
following equations by using the relative position aipbj =

(aixbj
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The mathematical model r of the RSSI can be expressed
in the following equations by using Eqs. (2)(3)(4) and the
antenna characteristic shown in Fig. 9.

rai bj(aixbj ,
aiybj ,

aizbj ,
aiφbj ,

aiθbj ,
bjφai,

bjθai) =
r′(aixbj ,

ai ybj ,
ai zbj) +

rh(aiφbj) + rh(bjφai) + rv(aiθbj) + rv(bjθai) (5)

where,

r′(x, y, z) =
−14.69 log10(

√
x2 + y2 + z2 + 0.31) −49.17 (6)

rh(φ) = 2.5(cos(2φ) −1) (7)

rv(θ) = 25
(

cos (0.5π cos (0.5π −|θ|))
sin (0.5π −|θ|) −1

)
(8)

Equation (6) is the approximate equation derived from the
actual measured values as shown in Fig. 7. When θ = 0
and 45 [deg], rv = 0 and -10 [dBm] respectively from the
specification sheet [14] of the chip antenna (AH083F245001)
used in this paper. Besides, since this chip antenna is an
inverted F, rh(φ) is designed as shown in Eq. (8).

Of course, since radio propagation in space is different
from one in the atmosphere, we are going to make a
more precise mathematical model after considering a space
environment in the near future.

C. Relative distance estimation using genetic algorithm
When the antenna b mounted on the rover j receives a

packet sent from the antenna a mounted on the rover i, let
the RSSI value be rai bj . When n rovers communicate each
others, 4n(n−1) RSSI values are obtained. However, since
both rai bj and rbj ai have the same value in theory, 4 ×
nC2 RSSI values are used for self-localization. This means
that the least number of the rovers is two to estimate their
positions and orientations on the two dimensional plane, and
the least number of the rovers is three to estimate them in
the three dimensional space.

It is necessary to solve the nonlinear simultaneous equa-
tions shown in Eqs. (5) ∼ (8) to estimate the positions
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: the RSSI between the antenna  and 





where


                                            

rai_bj
ai bj

rai_bj
(aixbj

, aiybj
, aizbj

, aiϕbj
, aiθbj

, bjϕai
, bjθai

) = r′�(aixbj
, aiybj

, aizbj
) + rh(aiϕbj

) + rh(bjϕai
) + rv(aiθbj

) + rv(bjθai
)

r′�(x, y, z) = − 14.69 log10( x2 + y2 + z2 + 0.31) − 49.17

rh(ϕ) =
5
2

(cos(2ϕ) − 1)

rv(θ) = 25
cos( 5

2 π)cos( 5
2 π − |θ | )

sin( 5
2 π − |θ | )

− 1

The RSSI between the antenna  and ai bj
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Combining GA and Newton’s 
method
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Genetic Algorithm (GA)
• Heuristic algorithm used for general problems


• An individual chromosome ↔ a solution, 

Genes ↔ components of the solution


• Deriving the optimal solution through crossover and mutation


• Evaluation function: ( : the measured RSSI values, : the estimated RSSI 

values) 

r̄ai_bj
̂rai_bj

f(r) =
n

∑
i=1

n

∑
j=i+1

{(r̄ai_aj
− ̂rai_aj

)2 + (r̄ai_bj
− ̂rai_bj

)2 + (r̄bi_aj
− ̂rbi_aj

)2 + (r̄bi_bj
− ̂rbi_bj

)2}
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Advantages and disadvantages of GA

👍

• Computed solutions are not so 

sensitive to the initial values as 
other methods 


• Can be used for a global 
search

15

👎

• Slow convergence rate compared 

to other algorithms 


• Accuracy of the solutions may 
vary on each solution



A combination of GA and Newton’s method  
for solving a system of nonlinear equations [1]

16

👍 👎

GA Convergence does not 
depend on the initial values Relatively slow convergence

Newton’s 
method

Relatively fast convergence 
and high accuracy (for well-

posed problems)
Convergence of the roots 

depend on the initial values



A combination of GA and Newton’s method 
for solving a system of nonlinear equations [1]

Use GA to obtain 
good initial 

approximation for 
the roots

Use Newton’s 
method for fast 

convergence to the 
roots
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Rearrange nonlinear equations for the use of GA 
and Newton’s method

• Assume that all the rovers have the 
same direction and placed on the 

 plane, thus  are omittedxy aiθbj

18

The Genetic Algorithm and Newton’s Method 5

Rover 1

(Antenna a1) A1

B1 (Antenna b1)

C1(x1, y1)

Rover 2

(Antenna a2) A2

B2 (Antenna b2)

A12
B12

C12

C2(x2, y2)

C21

⇡
2
� '

'

'

Fig. 4. Positions of two rovers.

and C1C2C12 are congruent. Since 6 C2C1C12 = 6 A2A1A12 and 6 A2A1A12

and 6 A1A2C21 are the complex angle, we have 6 A1A2C21 = '. Furthermore,
6 B2B1B12 = ' shows that 6 B1B2B12 = ⇡

2 � '. Thus, the RSSI is expressed as

ra1 a2(
a1xa2 ,

a1ya2 ,
a1'a2 ,

a2'a1)

= �14.69 log10(
p
(a1xa2)

2 + (a1ya2)
2 + 0.31)� 49.17 + 5(cos 2'� 1), (3)

rb1 b2(
b1xb2 ,

b1yb2 ,
b1'b2 ,

b2�b1)

= �14.69 log10(
q
(b1xb2)

2 + (b1yb2)
2 + 0.31)� 49.17 + 5(cos 2(

⇡

2
� ')� 1).

(4)

By using A1A2 = B1B2 and rewriting cos 2(⇡2 � ') as

cos
⇣
2
⇣⇡
2
� '

⌘⌘
= cos2

⇣⇡
2
� '

⌘
� sin2

⇣⇡
2
� '

⌘

= sin2 '� cos2 ' = � cos(2'),

we have
ra1 a2 � rb1 b2 = 10 cos(2'), (5)

which gives the value of '. Then, by solving a system of nonlinear equations

ra1 a2(
a1xa2 ,

a1ya2 ,') = �14.69 log10(
p

(a1xa2)
2 + (a1ya2)

2 + 0.31)

� 49.17 + 5(cos 2'� 1),

' = arctan

✓ a1ya2

a1xa2

◆
,

(6)

we find the relative position of (x2, y2) with respect to (x1, y1).



Setting up nonlinear equations for the use of GA 
and Newton’s method







By subtracting both sides, the equations are reduced to:


,  ,


ra1_a2
(a1xa2

, a1ya2
, a1φa2

, a2φa1
) = − 14.69 log10( (a1xa2

)2 + (a1ya2
)2 + 0.31) − 49.17 + 5(cos 2φ − 1)

rb1_b2
(b1xb2

, b1yb2
, b1φb2

, b2ϕb1
) = − 14.69 log10( (b1xb2

)2 + (b1yb2
)2 + 0.31) − 49.17 + 5(cos 2(

π
2

− φ) − 1)

ra1_a2
− rb1_b2

= 10 cos(2φ) φ = arctan (
a1ya2

a1xa2
)

ra1_a2
(a1xa2

, a1ya2
, φ) = − 14.69 log10( (a1xa2

)2 + (a1ya2
)2 + 0.31) − 49.17 + 5(cos 2φ − 1)
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Experiments

20



• Calculate the relative position of Rover  

( ) from Rover 0


• The population: 100


• The number of generation: 200


• Single-point crossover with crossover rate: 
0.9


• Roulette wheel selection


• Mutation rate: 0.01

i
i = 1,…,8

Experiments: calculating positions of the rovers
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Fig. 5. Positions of the rovers (unit: mm).

Table 2 shows the result of Newton’s method after the genetic algorithm.
The columns ‘i’, ‘Actual position’, ‘Estimated position’ and ‘Relative error’ are
the same as those in Table 1. The column ‘#iterations’ is the number of it-
erations executed for estimating the position. For Rover 5, Newton’s method
has terminated after the number of iteration becomes 100, while, for the other
rovers, it has terminated the magnitude of the updated value has become less
than 1.0⇥ 10�10. We see that for all the rovers except for Rover 5, the relative
error decreases after applying Newton’s method. Especially, for Rovers 2, 3 and
8, the relative error decreases significantly.

3.2 Experiment 2: estimation of rovers using only the genetic
algorithm and discussions

For comparison, we have conducted another experiment for estimating the po-
sition of the rovers using only the genetic algorithm. In this experiment, after
executing the genetic algorithm for n⇥n = n2 times (which is denoted by n⇥n),
the best population which minimizes f(r) in eq. (2) was chosen. We have solved
the equations by this method for n = 20, 30, 40, 50, 60, 70, 80. All other settings of
the genetic algorithm are the same as those in the previous experiment. Table 3
shows the average of relative errors and the computing time of the experiment.
Note that, for comparison, the result for n = 10 is taken from Table 1 and the
bottom row shows the result of Experiment 1.

Comparison of the average of relative errors of the estimated positions of the
rovers in both experiments (Table 3) shows that the present method can estimate



• After repeating the GA computation for 
 times, the best 

individuals which minimize  were 
used as the initial values for Newton’s 
method


• Newton’s method was terminated when:


• |updated value| < 


• # of iterations reached 100

10 × 10 = 100
f(r)

1.0 × 10−10

Experiments: calculating positions of the rovers
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8, the relative error decreases significantly.
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algorithm and discussions

For comparison, we have conducted another experiment for estimating the po-
sition of the rovers using only the genetic algorithm. In this experiment, after
executing the genetic algorithm for n⇥n = n2 times (which is denoted by n⇥n),
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• Computing environment: 


• Intel Xeon E5607 2.27 GHz, RAM 
48 GB


• Linux 3.16.0, GCC 9.1.1


• GAlib [4] was used for GA 
computation

Experiments: calculating positions of the rovers
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than 1.0⇥ 10�10. We see that for all the rovers except for Rover 5, the relative
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For comparison, we have conducted another experiment for estimating the po-
sition of the rovers using only the genetic algorithm. In this experiment, after
executing the genetic algorithm for n⇥n = n2 times (which is denoted by n⇥n),
the best population which minimizes f(r) in eq. (2) was chosen. We have solved
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Experiment 1: estimated positions by GA 
(to be used as the initial values in Newton’s method)

Relative error:  
: the given distance of the rover from the origin,  : the estimated distance of the rover from the origin

|di − d′�i | /di
di d′�i

24
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Table 1. The result of estimation by the genetic algorithm with the setting of 10⇥10.

i Actual position
Estimated position
(The initial value for Newton’s method)

Relative error (8)

1 (20000.0, 30000.0) (18411.987305, 33178.985596) 0.052413
2 (10000.0, 10000.0) (10122.98584, 10196.990967) 0.016006
3 (10000.0, 20000.0) (11677.993774, 20789.993286) 0.066396
4 (30000.0, 40000.0) (26173.995972, 43239.990234) 0.010896
5 (80000.0, 50000.0) (77340.995789, 55555.999756) 0.009400
6 (90000.0, 60000.0) (89379.997253, 64320.999146) 0.018041
7 (50000.0, 70000.0) (50185.989380, 75285.995483) 0.051808
8 (0, 60000.0) (2766.006470, 64238.998413) 0.071642
— Average — 0.037075

Table 2. The result of estimation by Newton’s method.

i Actual position Estimated position Relative error (8) #iterations
1 (20000.0, 30000.0) (19511.732516, 29804.663731) 0.011985 99
2 (10000.0, 10000.0) (10000.000000, 10000.000000) < 1.0⇥ 10�11 95
3 (10000.0, 20000.0) (10000.000000, 20000.000000) < 1.0⇥ 10�11 98
4 (30000.0, 40000.0) (29120.352787, 39684.351546) 0.015552 98
5 (80000.0, 50000.0) (76602.187691, 50147.903356) 0.029496 100
6 (90000.0, 60000.0) (91596.396916, 59963.917465) 0.01213 88
7 (50000.0, 70000.0) (51871.537800, 70688.990493) 0.019247 96
8 (0, 60000.0) (0.0, 60000.000000) < 1.0⇥ 10�11 88
— Average — 0.011051 —

the position of the rovers with better accuracy on average than the method
using only the genetic algorithm. Furthermore, we see that the present method
is significantly more e�cient than the method using only the genetic algorithm.
Thus, we conclude that the method of combining the genetic algorithm and
Newton’s method estimates the position of rovers more e�ciently than methods
using only the genetic algorithm, with better accuracy on average.

4 Concluding remarks

In this paper, we have demonstrated a numerical method combining the genetic
algorithm and Newton’s method for solving a system of nonlinear equations.
Our method uses the genetic algorithm for a global search of approximate roots,
then it uses Newton’s method for fast convergence. We have formulated the
problem of estimating the position of rovers used in asteroid exploration into a
system of nonlinear equations for the use of the present method. The experiments
have shown that the present method computes the roots with almost the same



Experiment 1: estimated positions  
by Newton’s method

Relative error:  
: the given distance of the rover from the origin,  : the estimated distance of the rover from the origin
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Experiment 2: estimation of rovers with GA only

• Repeating the GA for  times: 20, 30, 40, 50, 60, 70, 80


• After executing the GA, the best population which minimizes  was 
chosen


• Compared with the result of Experiment 1 (GA for  times + 
Newton’s method)

n × n = n2 n =

f(r)

10 × 10 = 100
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Experiment 2: estimation of rovers with GA only
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Concluding remarks 
 and future work
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Concluding remarks
• Demonstrated a numerical method combining the GA and Newton’s 

method for solving a system of nonlinear equations


• Showed the formulation of the problem of estimating the position of 
multiple rovers used in asteroid exploration into a system of nonlinear 
equations


• The experiments have shown that the combination of the GA and 
Newton’s method compute the roots with almost the same accuracy as 
and significantly faster than a method using only the GA
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Future work
• Formulation for estimating the position of rovers in the second and the third 

quadrant (since our method uses arctangent which is applicable for rovers 
located only in the first and the 4th quadrant) 


• Estimation of positions of rovers placed with different directions


• Formulation and solution of the estimation problem in the  space with the 
elevation angle


• Estimation of the errors in the roots caused by the error in the measured RSSI 
values

xyz
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Thank you for your attention!

32

View of Mt. Tsukuba from our campus 
(June 2020)

View (of Mt. Tsukuba) from Asuka-yama north

Hiroshige, 1856
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